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Hybrid Higgs inflation model is a hybrid type of the so-called Higgs inflation model with the
conventional non-minimal ξ coupling to a scalar curvature R and new Higgs inflation model with the
derivative coupling to the Einstein curvature tensor Gµν . This model can explain all possible value
of the tensor-to-scalar ratio r allowed by the present CMB constraints with an appropriate choice
of coupling parameters. However the derivative coupling may causes a gradient instability during
oscillation phase after inflation just as in new Higgs inflation model. Analyzing the behaviours of
perturbations during oscillation phase in the hybrid Higgs inflation model, we show that the unstable
scalar modes found in new Higgs inflation model are stabilized by the non-minimal ξ coupling for
some range of the coupling parameters.
PACS numbers:
I. INTRODUCTION
Big Bang cosmology is believed to be a stan-
dard model of the Universe. It is confirmed by the
observations such as the cosmological microwave
background (CMB) and the abundance of the light
elements at the early time[1]. Furthermore, an in-
flationary scenario [2–7] is now coming into a stan-
dard model of the early stage of the universe. Not
only it can solve many difficulties in Big Bang cos-
mology such as the horizon problem, but also it
will provide a natural explanation of the origin of
density perturbations. Many inflation models have
been so far proposed and studied in detail[8].
In most of inflation models, we assume a scalar
field, which is called an inflaton and is respon-
sible for a rapid acceleration of the universe. It
also plays a very important role in the late stage
of the universe, because quantum fluctuations of
the scalar field will provide the density pertur-
bations of the Universe, which we are observ-
ing now. However we do not have a natural
candidate for an inflaton in particle physics yet.
In the standard model of particle physics, we
have only one scalar field, i.e., the Higgs field.
In old inflation and new inflation models[3–6],
we discuss inflationary scenario with Higgs field.
However it turns out that the density fluctua-
tion is too large to explain the observed density
perturbations[1]. Then some authors have tried to
find a successful scenario with Higgs field by ex-
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tending gravitational interactions from pure gen-
eral relativistic one. The Brans-Dicke type theory
was discussed in the context of old and new in-
flationary scenario, which are called the extended
inflation[9] and soft inflation[10, 11]. The grav-
itational non-minimal couplings with Higgs field
(ξφ2R) ∗ or the curvature-squaredmodel (R2) have
also studied[12–14].
Then it was pointed out that if ξ ∼ −104, this
model is highly consistent with observations[15].
Since then it is called the Higgs inflation. In this
paper we call it conventional Higgs inflation. This
model is quite similar to the R2 inflation model
proposed by Starobinsky[2]. In fact we find the
similarity between two models by use of a confor-
mal transformation [16].
In 2010, new type of Higgs inflation with a
derivative coupling of a Higgs field to the curvature
was proposed[17–19], which is called new Higgs in-
flation. The derivative coupling is assumed to be
the form of Gµν∂
µφ∂νφ/M2, where Gµν is the Ein-
stein tensor and M is a mass scale of the coupling.
Furthermore, generalized Higgs inflation[20] was
proposed in 2014, which has all possible gravita-
tional interactions with a single scalar field in the
most general scalar tensor theory, i.e., the Horn-
deski theory. Those “non-minimal” gravitational
couplings may appear in the high energy limit such
as an inflationary stage of the universe. Although
those are most general models, we have to fix the
arbitrary functions in the model in order to analyze
the observational properties in detail. We have
∗ We shall call it ξ coupling
2then proposed the hybid type of two Higgs inflation
models (conventional and new Higgs inflation mod-
els), which we call hybrid Higgs inflation[21]. We
perform the disformal transformation and truncate
the higher-derivative terms for our analysis, which
is justified with the slow-roll condition. In this
model, we show that the primordial tilt ns barely
changes, while the tensor-to-scalar ratio r moves
from the value in new Higgs inflationary model to
that in the conventional Higgs inflationary model
as |ξ| increases. Hence once we know the tensor-
scalar ratio r by the future observations, we can
fix the coupling parameters M and ξ.
Although those Higgs inflation models are con-
sistent with the CMB observations, it is known
that the derivative couplings in new Higgs inflation
model cause gradient instabilities in the oscillation
phase of the Higgs filed after inflation[22]. The
sound speed of the perturbations becomes imagi-
nary when the backgroundHiggs field is oscillating.
It induces the exponential growth of the perturba-
tions. Even if the instability period is very short,
high frequency modes grow large enough that the
perturbation approach is no longer valid.
Since the hybrid Higgs inflation model has the
derivative coupling, in this research, we study the
perturbation dynamics in the oscillation period af-
ter inflation in the hybrid Higgs inflation and an-
alyze its stability. We show that the ξ coupling
term can stabilize the instability induced by the
derivative coupling. We then present the stability
constraints on the coupling parameters ξ and M .
This paper is organized as fellows: In §. 2, we
present our model and analyze the background dy-
namics in Jordan frame. It is because we can-
not truncate the higher-derivative terms induced
by the disformal transformation in the oscillation
period after inflation. In §. 3, we write down the
basic equations for perturbations in the oscillation
period and analyze stability against the perturba-
tions. We summarize our results and give some
remarks in §. 4. In this paper we use the units
of ~ = c = 1, but keep the reduced Planck mass
MP := (8πG)
−1/2 as it is.
II. HYBRID HIGGS INFLATION : MODEL AND BACKGROUND
The action of the hybrid Higgs inflation[21] is given by
S =
∫
d4x
√−g
[
M2P − ξh2
2
R−
(
gµν − G
µν
M2
)
∂µh∂νh
2
− V (h)
]
, (2.1)
with V (h) =
λ
4
h4 ,
where h is a Higgs field in a unitary gauge and λ is its self-coupling constant. Here the potential V is
approximated in the high-energy limit of inflationary stage and the radiative correction is ignored just
for simplicity. This is a hybrid model of a conventional Higgs inflation and new Higgs inflation.
In our previous paper[21], assuming a slow-roll condition and performing a disformal transformation, we
analyzed the inflationary stage. Because of a slow-roll condition, we can ignore the higher-order derivative
terms, by which the analysis becomes much easier. In fact, we obtain an effective potential, which provides
all information about the inflationary phase. We find that some models with an appropriate choice of
parameters ξ and M are consistent with observations. The tensor-scalar ratio r varies from the value in
the new Higgs inflationary model to that in the conventional Higgs inflationary model as |ξ| increases,
while the spectral index ns does not change so much for the parameters giving a right magnitude of
density perturbations.
In this paper, since we are interested in the oscillation phase of the Higgs field, which is just after
the inflationary stage, we cannot assume a slow-roll condition. As a result, we have to analyze very
complicated equations with higher derivative terms in the Einstein frame or rather simpler equations in
the original Jordan frame. We have chosen the latter case.
As a background spacetime of the Universe, we adopt the flat Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) spacetime, which metric is given by
ds2 = −N2(t)dt2 + a2(t)dx2 ,
3where N is a lapse function and a is a scale factor of the Universe. Assuming the background Higgs field
also depend only on the cosmic time t, the action (2.1) for the background field is reduced to be
S =
∫
d4x
√−g
[
− 3
(
H
N
)2 (
M2P − ξh2
)
+
(
1 +
3H2
N2M2
)
h˙2
2N2
+ 6ξ
Hhh˙
N2
− V (h)
]
, (2.2)
where a dot denotes a derivative with respect to t and H ≡ a˙/a is the Hubble expansion parameter.
Varying this action with respect to h, N and a and setting N = 1, we obtain the basic equations for
the background Universe as
H˜2 =
1
3(1− ξh˜2)
[
1
2
(
1 + 9H˜2
)
̟2M + 6ξh˜H˜̟M + V˜
]
, (2.3)
M


d̟
dt˜
dH˜
dt˜

 = −

 3H˜̟
(
1 + 3H˜2
)
+ 12ξh˜H˜2 +
dV˜
dh˜
̟2
(
1 + 3H˜2
)
+ 2ξ̟(H˜h˜−̟)

 (2.4)
with
M≡

 1 + 3H˜2 6
(
H˜̟ + ξh˜
)
−2
(
H˜̟ + ξh˜
)
2
(
1− ξh˜2 − ̟22
)

 (2.5)
Here we have introduced dimension-free variables:
h˜ =
h
Mp
, ̟ =
h˙
MMp
, H˜ =
H
M
, V˜ =
V
M2M2p
, t˜ = Mt
Eq. (2.3) is the so-called Friedmann equation,
which gives a constraint on the background fields.
From Eq. (2.3), we find
3H˜2
[
1− ξ(1 − 6ξ)h˜2 − 3
2
̟2
]
=
1
2
(
̟ + 6ξH˜h˜
)2
+ V˜ .
We then obtain the upper bound for ̟2 as
̟2 ≤ 2
3
[
1− ξ(1− 6ξ)h˜2
]
. (2.6)
Here we have assumed ξ(1− 6ξ) ≤ 0, i.e., ξ ≤ 0 or
ξ ≥ 1/6.
A set of equations (2.4) describes the equation
of motion for the Higgs field h and the equation
of motion for the scale factor a, one of which is
derived from the other with the constraint (2.3).
In the equation for the Higgs field, the term with
h˙ gives a kind of viscosity caused by the cosmic
expansion and it is modified due to the derivative
coupling. The ξ coupling term behaves like an ad-
ditional mass term.
Before going to analyze the stability of our
cosmological model against the perturbations, we
show the background behavior from inflationary
stage to the oscillation phase in Jordan frame.
For the background universe, we have to solve the
above equations, i.e., Eq. (2.3) and one of a set of
equations (2.4).
Two different behaviors of the evolution of Higgs
field from the end of inflation to the oscillating
phase are shown in Fig.1. Fig.1(a) shows the evo-
lution of the background Higgs field when the ξ
coupling is dominant. We choose ξ = −2.34× 104
and M = 6 × 10−4MP ). In this case, the Higgs
field changes sharply near h˜ = 0, i.e., the time
derivative of the Higgs field becomes quite large
at the potential minimum. We also present the
evolution in the phase space, in Fig. 1(b). The
arrows denote that the Higgs field evolves in that
direction. It shows a very peculiar behavior in the
Jordan frame, i.e., the orbit becomes very sharp
near h = 0 or ̟ = 0.
On the other hand, when the derivative coupling
is dominant, the Higgs field evolves more moder-
ately near h˜ = 0 as shown in Fig. 1(c). We choose
ξ = −2.34×104 andM = 6×10−4MP ). It shows a
zigzag behavior during oscillations. We also show
the evolution of the Higgs field in the phase space
4in Fig. 1(d). The orbit becomes a deformed round
shape, which is quite different from the previous
ξ-coupling dominant case.
(a) (c)
(b) (d)
FIG. 1: The evolution of the Higgs field for the ξ-coupling dominant case [(a) and (b)] and for the derivative-
coupling dominant case ([(c) and (d)]. (a) and (c) show the time evolutions in terms of the e-folding, while (b)
and (d) gives the orbits in the phase space. We set the e-folding = 0 at the end of the inflation. The orbits evolve
along the arrows directions. We choose (ξ,M) = (−2.34×104, 6×10−4MP ) for the ξ-coupling dominant case and
(ξ,M) = (−10, 1.41 × 10−8MP ) for the derivative-coupling dominant case.
III. STABILITY ANALYSIS
A. Perturbation Equations
In order to investigate a stability of the present model, we perform perturbations of the background
spacetime. The perturbed metric is described by the ADM formalism as
ds2 = −N2dt2 + γij
(
dxi +N idt
) (
dxj +N jdt
)
, (3.1)
where the metric components are given by
N = 1 + α, Ni = ∂iβ, γij = a
2(t)e2ζ
(
δij + hij +
1
2
hikhkj
)
. (3.2)
α, β, and ζ are the scalar modes, while hij describes the tensor modes. We have ignored the vector modes,
which may not play any crucial roles.
5The tensor perturbation hij satisfies the transverse-traceless conditions: hii = ∂jhij = 0. Since we
adopt the comoving gauge in this paper, we do not need to take into account the perturbations of the
Higgs field h.
First, we give the equations for scalar perturbations. The quadratic action for the scalar perturbations
is found [23] as
S
(2)
S =
M2P
2M2
∫
dt˜d3x˜ a3
[
GS(∂˜0ζ)
2 − FS
a2
(
∂˜iζ
)2]
, (3.3)
where
GS =
̟2
(
1− ξh˜2 − 12̟2
) [
(1 + 3H˜2)
(
1− ξh˜2 − 12̟2
)
+ 6(H˜̟ + ξh˜)2
]
2
[
H˜
(
1− ξh˜2 − 12̟2
)
−̟(H˜̟ + ξh˜)
]2 (3.4)
FS =
̟2
(Hf −̟g)2
[
1 + 3H2
2
f2 + (H̟ + 3ξh)fg −̟2g2 + f(fH˙ + 2g ˙̟ )
]
, (3.5)
with
f = 1− ξh2 − ̟
2
2
, and g = H̟ + ξh .
Here we have replaced α and β with ζ by use of two equations obtained from the constraint equations,
which are given by
α =
1− ξh˜2 − 12̟2
H˜
(
1− ξh˜2 − 32̟2
)
− ξh˜̟
∂˜0ζ , (3.6)
∂˜2i β
a2
= − 1− ξh˜
2 − 12̟2
H˜
(
1− ξh˜2 − 32̟2
)
− ξh˜̟
∂˜2i ζ
a2
+
̟2
2
[
3H˜2(1− ξh˜2 − 1
2
̟2) + 12ξH˜h˜̟ + 1− ξ(1− 6ξ)h˜2 − 1
2
̟2
]
∂˜0ζ . (3.7)
The sound speed cS is defined by
c2S =
FS
GS
. (3.8)
For stability against perturbations such that there exist no tachionic instability and no gradient instability,
we have to impose
FS ≥ 0 and c2S ≥ 0 . (3.9)
Similarly we obtain the quadratic action for the tensor perturbations as
S
(2)
T =
M2P
2M2
∫
dt˜d3x˜ a3
[
GT
(
∂˜0hij
)2
− FT
a2
(
∂˜khij
)2 ]
, (3.10)
where GT and FT are
GT = 1− ξh˜2 − 1
2
̟2 , and FT = 1− ξh˜2 + 1
2
̟2 . (3.11)
We then find the stability conditions as
FT ≥ 0 and c2T =
FT
GT
≥ 0 . (3.12)
B. Stability of conventional and new Higgs
inflation models
When we have only ξ coupling term, we can show
that the background spacetime is stable against
6perturbations, i.e., the stability conditions (3.9)
and (3.12) are always satisfied. It is naturally ex-
pected since the system described in the Einstein
frame is given by the Einstein gravity plus a scalar
field with a positive definite potential.
For new Higgs inflation (ξ = 0), both FT and
GT are always positive. The tensor perturbations
do not cause any instability. However, the scalar
perturbations show unstable behaviors in the oscil-
lation phase. Although GS is always positive due
to the (2.6), FS becomes negative during the oscil-
lations. One concrete example is given in Fig.2, in
which we present the negative FS-region shown by
the shaded color in the phase space of the Higgs
field. We also show the trajectory of the Higgs field
just after the end of inflation by the dotted line.
FIG. 2: The phase space of the Higgs field for new
Higgs inflation. The dotted line represents the evolu-
tion of the Higgs field of the first oscillation just af-
ter the end of inflation, which path is coming from
the bottom-right region and evolves along with arrows.
The FS becomes negative in the shaded region. Since
the dotted line goes through the shaded region, the
gradient instability occurs.
Since the trajectory evolves into the negative
FS-region, the gradient instability occurs in such a
region. The perturbations grows exponentially and
becomes larger than the background value soon.
This instability is always found in new Higgs in-
flation model (M 6= ∞, ξ = 0). As a result, new
Higgs inflation model does not provide the reheat-
ing process after inflation.
C. Stability of hybrid Higgs inflation model
In the case of hybrid Higgs inflation model, we
have to check whether the instability found in new
Higgs inflation still exists or not, and if Yes, how
the instability depends on the coupling parameters
ξ and M . It is because the conventional Higgs
inflation (M = ∞, ξ 6= 0) has no instability and
then ξ coupling term (ξ 6= 0) may stabilize the
system. We then survey stability of the models
with the parameters satisfying the observational
constraint of the density perturbation Pζ , which
gives some relation between M and ξ [21].
The unstable region shown in Fig.2 for ξ = 0
is deformed as the |ξ| becomes larger, as shown in
Fig.3. Since FS is invariant under the transforma-
tion of (h˜, ̟)→ (−h˜,−̟), we plot only the region
of ̟ ≥ 0.
FIG. 3: The negative FS region in the phase space
of the Higgs field. We show only the region of
̟ ≥ 0. The parameters in each figure are cho-
sen as (ξ,M) = (−10, 1.41 × 10−8MP ) [upper left],
(−102, 1.41 × 10−8MP ) [upper right], (−10
3, 1.70 ×
10−7MP ) [lower left], and (−10
4, 3.98 × 10−8MP )
[lower right], which satisfy the observational constraint
on Pζ . As |ξ| becomes larger, the unstable region is
squeezed into very narrow area along h˜ = 0.
We then study the evolution of the Higgs field
after inflation. Although the unstable region be-
comes much smaller as |ξ| gets large, the analy-
sis shows that the orbits of the Higgs field in the
phase space always go through the unstable regions
showed in Fig.3 unless |ξ| is extremely large. In
fact we do not find a stable model for |ξ| ≤ 104.
For the case with |ξ| > 104, the unstable region
is squeezed into very narrow area along h˜ = 0 just
as the lower right figure in Fig.3. Hence we can
focus our analysis near the region of h = 0. We
7find that the minimum value of |̟| at h˜ = 0 in the
negative FS region is proportional to the M
−1,
and there exists a critical value of M , beyond
which the system is stable, i.e., the orbit of the
Higgs field does not cross the unstable region.
We show the critical value should be between
M = 5× 10−4MP , which gives an unstable model
(see Fig.4), and 6 × 10−4MP , which gives a
stable model (see Fig.5). For those values of M ,
ξ = −2.34× 104 does hardly move because of the
observational constraint on Pζ .
FIG. 4: The unstable region in the phase space of
the Higgs field and its orbit just after the end of
inflation. The parameters are chosen as (ξ,M) =
(−2.34× 104, 5× 10−4MP ). The dotted line shows the
orbit of the Higgs field, while the blue shaded regions
depicts the negative FS region. The Higgs field evolves
into the unstable region. We also enlarge the crucial
part.
We shall confirm this fact by semi-analytic ap-
proach. Since the unstable region is localized the
area near h = 0 for large |ξ|, it will be enough to
analyze whether the stable condition FS ≥ 0 is sat-
isfied or not when the Higgs field passes through
the point h = 0.
In oscillating phase, ̟2 takes the maximum
value near h˜ = 0. In particular we consider the
maximum value ̟2 = ̟2max in the first oscillation
cycle just after the end of inflation. It is because
since the oscillation is dissipative because of the
expansion of the universe, ̟2 near h˜ = 0 decreases
in the evolution of the universe.
FIG. 5: The same figure as Fig. 4, but with the dif-
ferent values of the parameters. (ξ,M) = (−2.34 ×
104, 6 × 10−4MP ). The orbit of the Higgs field does
not cross the unstable region. Hence this model is sta-
ble.
As a result, we find ̟2 ≤ ̟2max at h˜ = 0. Hence
if the point of ̟2max near h˜ = 0 is included in the
stable region of FS ≥ 0 in the phase space, the
system is stable.
Eqs. (3.5) and (3.4) with ̟2max and h˜ = 0 become
FS =
12
(
1− 32̟2max
)2 − 8̟4max (1− 32̟2max)− 3̟8max + 24ξ̟2max
(
1− ̟2max2
) (
1− 32̟2max − 32̟4max
)
4
(
1− 32̟2max
) (
1− 32̟2max + 32̟4max
) ,
(3.13)
GS =
3
(
1− ̟2max2
) (
1− 32̟2max + 32̟4max
)
(
1− 32̟2max
)2 . (3.14)
GS and the denominators of FS are always positive as long as ̟max keeps in the range of (2.6). Hence,
8when the numerator of Eq.(3.13) is positive, the system is stable. The stability condition for ̟max is
then given by
ξ ≤ −12
(
1− 32̟2max
)2 − 8̟4max (1− 32̟2max)− 3̟8max
24̟2max
(
1− 12̟2max
) (
1− 32̟2max − 32̟4max
) (3.15)
This equation is very complicated as the equa-
tion for ̟max with a given value of ξ. However it
turns out that it is rather simple for the range of
ξ < −103, which we are interested in. We show
this condition in this range in Fig.6.
10-1
10-2
10-3
-103 -104 -105
FIG. 6: The unstable condition is shown by the blue-
shaded region. If the value of |̟max|, which is the
maximum value of |̟| in the first oscillation, is too
large, the orbit of the Higgs field will get into the blue-
shaded unstable region. The dotted lines denote ξ ≃
−2.34 × 104 and |̟max| ≃ 4.62 × 10
−3. The red dots
denote the value |̟| at h˜ = 0 for each M , which are
the almost same as |̟max|.
The border of stability looks very simple. In fact
we can approximate the stability condition as
log10[|̟max|]<∼ − 2.34−
1
2
(log10[−ξ] + 4.37) .
For given values of ξ andM , we can evaluate̟max,
which is also shown by red dots in Fig. 6. We find
the critical value Mcr exists between 5 × 10−4MP
and 6 × 10−4MP. We then obtain the condition
for the parameters for stable hybrid Higgs inflation
model as follows:
ξ ≈ −2.34× 104 , M ≤Mcr ≈ 6× 10−4MP .
We conclude that there exists a stable hybrid
Higgs inflation model, but the derivative coupling
must be enough small enough. The critical value
for stability is Mcr ≈ 6 × 10−4MP, below which
the model becomes unstable against perturbations.
From the observational constraint on the density
perturbation Pζ, the coupling constant |ξ| must be
very large just as the conventional Higgs inflation
model. If the derivative coupling is large (corre-
sponding to smallM), the instability occurs in the
oscillation phase just after the end of inflation (see
Fig.3).
IV. CONCLUDING REMARKS
We have analyzed the dynamics of the hybrid
Higgs inflation in the oscillation phase just after
inflation. The model contains two coupling of the
Higgs field with the spacetime curvature; ξ cou-
pling and the derivative coupling. The derivative
coupling may sometimes cause the gradient insta-
bility. In fact in new Higgs inflation model, the
scalar modes of the perturbations exponentially
grow while the background Higgs field oscillates.
In such a model, we may not discuss a history of
the universe after inflation.
In this paper, we have shown that this type of
instability can be avoided when the ξ coupling is
dominant. If the derivative coupling constant M
is smaller than Mcr ≈ 6× 10−4MP, the Higgs field
evolves into the unstable region. (see Figs. 4 and
5). With the observational constraint on the den-
sity perturbations Pζ , we find the constraints on
the parameters as ξ ≈ −2.34× 10−4 and M >∼Mcr
for stable hybrid Higgs inflation model.
We should mention about the quantum effect
on the Higgs field. Although we have studied the
stability of the Higgs inflation model during the
oscillation phase at the tree level here, we should
remind that the Higgs potential is very sensitive
to the quantum loop effects[24–27]. The gravita-
tional couplings which we discussed in this paper
are assumed to appear due to the quantum gravity
effects. Hence it is natural to include the quantum
loop effects on the Higgs field potential too. How-
ever, the calculation of quantum loop effects is still
under discussion[28–30]. We leave it for the future
works.
Since the gradient instability is avoided when the
ξ coupling is included, we can analyze the reheat-
ing process after inflation now. We expect that
9the similar analysis to the case in the the conven-
tional Higgs inflation can be performed. The work
on the reheating process in the hybrid Higgs infla-
tion model is in progress, and the results will be
published elsewhere.
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